
CS 13: Mathematics for Computer Scientists Spring 2023
Applications Homework 01 (due Friday, May 12)

Directions: Write up carefully argued solutions to the following problems. Your solution should be clear
enough that it should explain to someone who does not already understand the answer why it works. You may
use results from lecture and previous homeworks without proof.

0. Decompressing Huffman Codes (25 points)
Retrieve the original text by writing a program to decode the following text compressed using Huffman Codes:
dict: {"00"=32,"01000"=100,"010010"=109,"010011"=119,"0101"=97,"01100"=46,"0

11010"=44,"01101100"=84,"011011010"=83,"011011011"=48,"0110111"=73,"01
11"=111,"10000"=104,"10001"=115,"10010"=110,"1001100"=33,"100110100"=7
6,"100110101"=122,"10011011"=65,"100111"=99,"10100"=108,"10101"=105,"1
011"=101,"11000"=114,"110010000"=79,"1100100010"=113,"1100100011"=78,"
11001001"=72,"11001010"=63,"11001011000"=56,"11001011001"=68,"11001011
010"=69,"11001011011"=85,"11001011100"=86,"11001011101"=120,"110010111
10"=70,"11001011111"=77,"1100110"=39,"1100111"=112,"110100"=103,"11010
100"=89,"1101010100"=49,"1101010101"=106,"110101011"=87,"1101011"=98,"
110110"=121,"1101110"=107,"1101111"=102,"1110"=10,"11110"=116,"111110"
=117,"11111100"=118,"11111101"=66,"1111111"=45}

msg: 9b9e77c22b2d0f38b4a1ba4e9c8a2a71e7de2fe557d57935dc1de85e2cac49389aec291



1. Lempel-Ziv: A Whole New Game (75 points)
Lempel-Ziv is a family of compression algorithms that attempt to compress a string by finding repeated “phrases”.
For example, aaaaaaaaaaaaa and abcabcabcabc should be highly compressible.

In this problem, we will deal with a slightly simplified LZ algorithm which splits a string into phrases greedily.
The algorithm repeatedly chunks the input into phrases by splitting at the smallest prefix it hasn’t already seen.
For example, for the string AABABBBABAABABBBABBABB, LZ would first find A, then AB, then ABB, etc. This

would result in a string split into phrases as follows:

A|AB|ABB|B|ABA|ABAB|BB|ABBA|BB

As we split the string, we number the phrases we’ve found: {A = 1, AB = 2, . . . }. Then, to output a compressed
version of the string we replace the repeats with their numbers:

A|AB|ABB|B|ABA|ABAB|BB|ABBA|BB
A|1B|2B |B|2A |5B |4B|3A |7

(a) [10 Points] Explain in your own words why combining Huffman Coding with LZ might lead to better
compression. In what way might you combine them?

A Phrase Repeated
We call an individual code that LZ outputs a “phrase”.
Define 𝑆𝑛, where 𝑆 is some string and the power indicates “repeat 𝑛 times”. So for example, if 𝑆 = foo, then
𝑆3 = foofoofoo.

(b) [10 Points] Imagine we compress 𝑆𝑛 using LZ for some 𝑆 of non-zero length. Find a lower bound, in
terms of 𝑛, on how many “phrases” the output would be asymptotically.

Compression Cannot Be Perfect

(c) [10 Points] Prove that it is not possible to compress all strings of length 𝑛, on an arbitrary alphabet Σ.
That is, prove that no compression scheme can make every string shrink in length.

LZ Worst-Case
By the previous part, it follows that we should consider a compression scheme to be “good” if the worst case
string doesn’t expand “too much”. In other words, since some strings have to grow for others to shrink, we
want to find a limit to how bad the most expanded string is.
Suppose, for simplicity, that Σ = {0, 1}.
Throughout, you may assume an explicit finite lower bound (like 3 or 10, or even 1000 if you want) on 𝑘 (defined
below), if it helps.

(d) [5 Points] Consider the set of strings where the length of the largest phrase generated by LZ is 𝑘. Find
the string, 𝑆𝑘, in this set that maximizes the number of phrases LZ will use.

(e) [5 Points] Prove that |𝑆𝑘| = (𝑘 − 1)2𝑘+1 + 2.

(f) [5 Points] Let 𝑐(𝑋) be the number of phrases 𝑋 is parsed into. Show that 𝑐(𝑆𝑘) = 2𝑘+1 − 1.

(g) [5 Points] Prove that 𝑐(𝑆𝑘) ≤
|𝑆𝑘|
𝑘 − 1

using the two previous parts. You may assume 𝑘 > 1.
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Let 𝑄 be an arbitrary string of length 𝑛. Let 𝑘 be the largest 𝑥 such that |𝑆𝑥| ≤ 𝑛.

(h) [5 Points] The maximum possible value of 𝑐(𝑄) will occur when 𝑄 starts with 𝑆𝑘 and finishes with some

string 𝐴 to pad to 𝑛. Let this worst case string be 𝑊 . Prove that 𝑐(𝐴) ≤ |𝐴|
𝑘 + 1

.

(i) [10 Points] Show that lg 𝑐(𝑄) ≤ 𝑘 + 2. Use this together with the previous two parts to prove that
𝑐(𝑄) ≤ 𝑛

lg(𝑐(𝑄))− 3
.

(j) [5 Points] Explain why the largest number of bits 𝑄 can be compressed to by LZ is 𝑐(𝑄) lg(𝑐(𝑄)) + 𝑐(𝑄)

(k) [5 Points] Finally, conclude that the largest number of bits that 𝑄 can be compressed into is 𝑛+ ℓ
𝑛

lg(𝑛)
for some natural number ℓ.
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