0O~NOOThA WN -

CS 13: Mathematical Foundations of Computer Science Spring 2023

Written Homework 00 (due Monday, October 9)

Directions: Write up carefully argued solutions to the following problems. Your solution should be clear
enough that it should explain to someone who does not already understand the answer why it works. You may
use results from lecture and previous homeworks without proof. Your solutions must be written in BTEX using
our homework template. No solution to a single part may be more than one page.

0. Verifications (20 points)

See separate document. We recommend doing this question first!

1. Your Average Induction (20 points)
Consider the following code:

def average(grades, num_grades):

if num_grades == 1:
return grades([0]
else:
return (

(average(grades, num_grades — 1) x (num_grades — 1)) +
grades[num_grades — 1]
) / num_grades

Let A be an arbitrary, non-empty 1ist[int], and let n = len(A).

n—1
A
Prove that average(A,n) = Z ', where A; = Ali] for 0 <i <n foralln > 1.
n
i=0
2. No, You’re Being Irrational (20 points)
Prove that v/2 + /5 is irrational. You may use the fact that V/2 is irrational, but you do not have to.

3. Prime Examples (20 points)
Prove that for any prime p > 3, either p =¢ 1 or p =¢ 5.

4. Balanced Ternary (20 points)
In the balanced ternary number system, numbers are made up of “trits”: {0,1,T}. To evaluate a trit, we use
a “valuation function”, called V, defined as follows:

0 ifX=0
VX)=<1 ifX=1
-1 fX=T

To evaluate an entire balanced ternary number, a summation is used as usual:

n—1
evaluate, (tp—1tp—2...to) = Z V(t;) - 3¢
i=0

Prove that evaluate, (X) is injective for all n. That is, prove that no two (different) inputs lead to the same
output.



